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PREFACE

The theory of radlative transfer is important in
meteorology, for example in the interpretation of radiation
measurements from satellites. Some of the techniques can
also be applied to studies of neutron transport.

The present study relates the theory of radiative
transfer to basic metheds in the theory of probablility. It
should be of interest to specialists in the theory of
radlative transfer and to those concerned with applications

of probabllity theory to physics.







On the basis of the stochastic medel of multiple
scattering of photons, we consider the diffuse reflection and
transmission of a parallel beam of radlation by a finite, |
plane—parallel, non—emitting and homogensous atmosphere with
conservative and isotroplc scattering. We assume that the
stochastic process under consideration represents a homo—
geneous stationary evolution in a Markovian manner with
respeet to the optical depth.

Pirst we derive the forward and the backward integreo-
differentisl equations for the emission probability
Lézstrikat&eﬁs from the Cr 'f equations. Then,
starting with the Laplace transform of these eguations, we

obtain the 38— and T-functions of 8.
monodirectional illumination of the upper and the lower
‘boundaries, depending on the optical depths T, and T,
(0 < 7y < T,). The results obtained with the aid of the
forward equations reduce to those derived from the backward

equations, because of the
the medium. Some new functional equations for the source
funetions of the auxiliary equations are given.
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THE MARKOV PROPERTY OF RADIATIVE TRANSFER
AND OF NEUTRON DIFFUSION

BABILISTIC METHOD FOR PROBLEMS OF RADIATIVE TRANSFER:

It is well known that the Markov preoperty has been
considered in detall in the field of Brownian motion (9],

turbulent diffusion [2], and others [6].

| In a preceding paper [16], the author showed that
‘Milne's problem in a semi—infinite, plane—parallel atmosphere
with isotrepic scattering can be solved, with the aid of the g
Markovian stochastic model of multiple scattering of photons,
' by using Chandrasekhar's idea [11], which is based on the
principle of invariance arising from the asymptotic solution
at infinity.

With the aid of the physical method based on the E
prineciple of invariance, the problem of the diffuse pezlaesied
and transmission of parallel rays by a finite, plane-parallel,

[1], Busbridge [7], and Chandrasekhs the |
mathematical discussion of the same problem in an imhomo— |
 geneous medium has been given by Bellman and Kalaba (3], [4],
[5], Sobolev [14], Busbridge (8], and Uemo [20].

: ystic process

ect

‘@_V&%&

' to the one—dimensional parameter T in redistive transfer

' and neutron diffusion. As a typical
_diffuse reflection and transmiss

mple we deal with the
don of a §§¥“3¥§;,§§§§79ff1y75




finite optical thickness 7T, — v, (0 < 74 < Ty) with
| aem_iﬂitivt and isotropic scattering, because the solutions
‘of all other transfer problems in a similar flat layer can

apparently be reduced to this one. In such a stochastic
field the process is considered as denoting the evolution of
'the probability distribution of emission p(K;T,y,¥,7,) with
_increasing optical depth v (0 ¢ 7, < T< %,). Here |
Blns Tos%,%;)dk is the prebability of finding a continucus
‘stochastic parameter u{r) between i and di at the |
ilav&l T where cos ‘i denotes the inclination to the |
‘outward normsl of the surface ¥ = T,. It should be ment Loned
:emg p{ﬂsfaﬂ.‘rl) is a truncated function of «, 1l.e., f
P(#;¥y,7,7;) 1is finite for 0 Ty T ¥, ond
p{u;fe,‘f,?l) =0 for T< 7, &aﬁ T < 7.

In the present paper, we construct
‘model of multiple scattering of photon:
-stationary and homogeneous M%‘? e§ am eveluk%wwi%h
‘respect to T. Then we derive the forward and the backward

integro—-differential egquations f&;’ the emission probabllity
roff equations approp

a Markovian stochastic

‘distributions from the | )
‘riate to the nally, starting with the Laplace
‘transform of these Kolmegoroff-Feller equations [12] , we
obtain the scattering and the transmission functions which

‘vary with the optical depths t, and 7v,. A complete set of
‘the integral equations for the S and T—functions derived from




equations show a Markovian preoperty of multiple scattering of
classical particles, i.e., photon and neutron, under the |
given boundery conditions.
It may be of interest to note that our above procedure
' is somewhat similar to that used by Feller [13] on boundaries
end lateral conditions for the Kolmegoroff differential
equations.

while the forward equation on the knowledge of
what happens in the final infinitesimal interval, in formu—
lating the backward equation we seek to show what happens in
the initial infinitesimal interval. In other words, while

‘the former involves differentistion with respect to T, the |
latter contains differentiation with respect to ¥,.

Mathematically speaking, the forward and the backward |
equations together can be derived from the mxil ar enmem

for monodirectional illumination of the upper and the lower
' boundaries, because the emission probability distributions
:écm on the optical depths T and T,. In what follows,
for convenience the various ntities, i.e., the emission
probability distribution, the suxilliary equation, the S— and
unctions, and the X~ and ¥ .on nodirectional
nlaam’sma of the upper and the lower aries, will be
‘denoted respeectively as the downward and the upward ones.




forward by Ueno [16], the probabilistic idea in radiative |
transfer can be traced out in the methed of invariance due to
{10]. The 5- and

:ef Chandresekhar can be interpreted as the intensities of the
 probability currents, and yrmore the X— and Y-—functions
‘are equal to the probability distributions of emission frem
the bounding planes T = r% angd T = Tyo respectively. ‘!

In later papers we shall reconside : |
‘of radiative trensfer, allowing for the inhomogsnelty (see |
;Uem {21]), noncoherent scattering, and other geometries than |

Assuming that the diffuse reflection and transmission of
parallel rays by a finite flat layer with conservative and |
isotrepic scattering represents a Markevian stochastic process
that is stationary and hemogeneous with respect to the @tie&i
‘depth 7, we can physically define the emission probability

distribution as follows: Let p(K;7,,¥,¥,) Dbe the
_probabllity that a photon absorbed at level 7 (or T, + ¥, -«‘
will be re-emitted in the divection + i (or — i) |
(0 < ® 1) in the radiation emerging from the
T = ?e (or “’f - %’1). Furthermore, let P%ﬁ‘ﬁ";:*p*e) be the ]
' ' !
‘.
\

at the level <

emergence probabllity of a photon absorbe

(or 7y + %, — ) in the airection -~ 4 (or + 1) (0<mg1)

from the surface t =, (or T = %,). In & manner similar |
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to that used in the inhomegeneous case [20], we shall call
‘9{#:7@.7,?1) and p(i;¥,,7,%,) the downward and the upward
emission probability distributions, respectively.

In a preceding paper [17], assuming the Marikov property
ssion of radiation for

of the diffuse reflection and trans
isotrepic and coherent scattering in the conservative case,

we derived the Kolmogoroff-Feller equation from the
Kolmogoroff equation, allowing for the leakage of the

’preanbiiiky current » the beunding plane T = ¥, due
to the transmission of radiation directed towards the level

T = b
! 1

In a manner similar to that used in probability theory
{(12], we find the Chapman-Kolmogor iate to

£f egquation appropr

- the present case to be

(2.1) 9(35"9:7:"}) "'f ﬁ{“'3’91*"&*:71)@{%}(3'3&*:"1)‘*“:i
0

for all values of A Dbetween 7, end v,. In Bq. (2.1)

g(t&;'fg,%"—é\?,?l) and p{n/&'sé‘h*i) are given by

(2.2) Pi3tg, va7,7,) = P(K; Ty, T-AT,7,)

~ 1
- A% f pin"; 10T f@)’x@(“/ua yan",
18]

' 1 |
(2.3) p(B/i';87,7,) = Ry(w/i')aT + aéw'}{z - AT f n(a"i/a')&"}.
0 |
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In the sbove, the probability distribution function
P(ly/ By Ty—%,,7, Jdi, Tepresents the probability that u(v,)
'lies between i, and W, + di, provided that “*"("g) - iy
(0 7o T <7 & 7). In (2.3), & 1is the Dirac delta
function, and Ri’ Ry, and R-functions are provided by

| (2.4) R, (w/u') = g—r X(k,7y), Ry(w/i') = ﬁv Y(s,7,),
(2.5) R(k/k') = Ry(w/m') + Ry(u'),

-

, i(:itﬁ@) = P(MiTg T, Ty) = X(B,7;) = P(Bs*,,7,,%),
(2.6)

Y(n,7y) = p(BiTy,ty,7) = Y(n,t,) = P(B;7y,750 7).

nts the conditional

The gquantity R(4/k')di dt repres
transition probability that, given W', one finds K 1in the |
Vrango (4, » + du) through a parametric interval dr of the
optical depth. '

The normalization condition for the conditional proba-—
‘bility R(u/k') in the conservative case is provided by

| 1
(2.7) r&f R(p'/n)an' = 1. |
; 0

In the nonconservative case the above integral is less than

unity. While an explicit appeal to the K-integral in the
- conservative case is needed to resolve the ambiguity



the normalization condition (2.7) is also useful for the
resolution of the arbitreriness of the solution (see Ueno
(18], [19]).

Letting AT - 0, we obtain the stochastic integro—
~differential equation for 9{#31@,1’,‘!’1)

dp(K;n,T,7,)
i = - % ﬁfﬂi?@a*r"x)

rl At
+ % xﬁ*s“;) f ﬁﬁ“’st"’ql) %T
0

- ‘% f{}‘s*l) fl F‘i‘ﬁ'i*ia":f@) %" .
(#)

Similarly, we can obtain the other integro-differential
_equation for the upward emission probability distribution
P(B;Ty,7,75). Ve write

) §
(2.9) Pi;7,,7,7,) -\/‘ Bi' sy, var, v )p(n/ sar, 7 )au,

0

(2.10) ‘%ﬁ(mﬁ,v&a,v@) - 5@%;—:1,*%%,%)

1 [
- A% f ﬁ%ﬁ*;{@,@*&%,tl}%ég " "

0

;(@.11) p(W/i'387,7,) = p(i/i'saT,1,),

),

1
|
|

W
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in the parameter T are identical in the homogeneous case.

As At -» 0, we have

Op(1;v,,7,%,)
(2.12) 5% e . é p{u;ri,g,f@)

-% X(H,'tl) fl P(“'i"ls"sf@) %-:'
o

+ % Y(n,7,) f 1 P(i'5%5,7,7,) %.;. .
% .

Next we derive the forward equations. The Chapman-

f‘ 1
(23) plute ) "f Blh' 575, T, 7 AT)p(h/Mk jv,av)au ',

%)

In (2.12) we put

(2.28)  B(MsTg. T, TmAT) = (5T, T, T AT)

~ 1 {
+ A% f P*{%*"i"i-'é"'a‘h‘lg)ﬁﬁﬁﬁfk“ Yau"

(2:15)  p(w/u'iT,at) = B(u —n').

-




Then, letting Ar - 0, we get

ép(mt 2%, 7, )

(2.16)

- % Y(n,v,) fl P(R'575,7,7,)
(¢

Similarly, we may start with another type of Chapman—
oroff equation for the upward emission probability
distribution, namely

| 1 .
(2.17) p(#;vl,e‘:,-eg) -f i{w;%fﬁ%,f,f@)@ (w/'sv,ar)an’,
) !

(2.18)  p'(w'iT,aT) = plu/mtiar,T).

Then a8 AT - 0, (2.17) becomes

p(p, 2%, % . .
‘(2.19) §(g5%"‘§i - - é F(a;-t},g,v@)

1
+ 3 I*’*’*z’fl pin'37,7,7,) By .
0

On combining Eqe. (2.8) and (2.12) with Eqs. (2.16) and
,(2.1'9), respectively, we obtain

Pitgrtiny) | BitgrTey)

o

(2.20)

-~ § Pt Ty) + § Xk
1

f Pli'37g,7,7y) B,
A
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ity T,7g) (T TTH)
(2.21) ( *@%,’ Ql + {@%3 =

1 B
- § Y(u.1y) e{ NS RNE U

Now we derive the backward equations corresponding to
' the forward equations (2.16) and (2.19). First we write

: 1
(2.22) P&‘i"et*ifl) “'f gf“*i**A":"afl)?’éﬂ/ﬂ'5"1A"')&" |
]

'where p(u/u';v,At) is equal to p(u/';AT,7,) in (2.3). |
M,’ as AT = @,

(2;23)

&ﬁ%ﬁ“f 2%, %, )
J% i’ - % p{ﬁ;l{a,!a?l)

~n 1 "
"% i(;jak,'{l) f 9%3'3"@:7371) %1’ .
o

Similarly, if we start with the Chapman-Kol wroff

equation ylelded by

)
('5.’.24) ?{“3‘1:7:?) "f ?ﬁﬂ;‘f;s%’f@%?ﬂ%%ﬁi'3*‘:#“’}@':
0

(2.25) ?{g;@l,t,tﬁx) - p{lﬁ*"fl,?,'?a%’f)

+ At f P{B“ 3*@‘@%‘373 ?I}Rgé%“/ﬁ') i



(2.26)  plwA'sT,AT) = 8w —u'),

~then, in the limit as At - 0 we get

Op(1;7,,7,7,) rl

(2.27) T ‘:
@ 6 i

The combination of Bgs. (2.23) and (2.27) with Egs.
‘(2.8) and (2.12) provides the following equationsi

== % Y(#”*l)fl P‘(%“'i'i:f:f@) %;’ ’
4]

- % P(k;Ty,7,7,)

-%' X(u,%,) fl P(R'57,,7,7,) %':‘ ,
0

épiﬂ%g:x,f;l . Bﬁﬁ% ,f",s»’qf&l s é@{;mﬁx \

(2.30)

f

(2.31)

| While Bq. (2.23) 1s equal to Eq. (3.23) given by
Busbridge [8), so far as we know, Bgs. (2.28) — (2.31) are
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‘new. Purthermore, it is knewn that the above emission
'pmbgkilitey distribution fulfills the following downward and
the upward auxiliary equations (see Ueno [10]):

(2.32) [ —-E](p(usvgy,t,7,)) = en{ o) ,

‘ —{7,~%)/
(2.33) [ =W lp(usty et =0 2,

‘where 1 is the identity operator and the truncated Hopf
‘operator X 1s

(@) Koo = 3 [ eomy (e - vhae.
(4]

In (2.33) E, 1s the first exponential integral

(2.35)  By(%) -fl T
j (4]

In the conservative case, Eqs. (2.32) and (2.33) show that
P(37y,7,7,) coincides with y{#;fl,¥ﬁs¥11~!,'£®).

Let the scattering and the transmissio:
denoted by
{ T —(v—,) /1
T,
o
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(3.2) S(T,,T 5l,1.) "o 3%4,%,%T ).-(q14l/u dar
2 1% Toiktsbo) = P{g3 Ty, %, ’

Yo

o (1)
(3'3) T(!Qlflfﬁaﬂe) 'f : P(ueif,‘f,fi) 1 dx,

%o

v ~(v-,) /i
(3.4) Tﬂ(%l,?e;a,u} -f + y{;;sgs%l,%,?@}& ds.

L |
However, allowing for p(i;¥,,¥,%y) = P(K;Ty, Ty+T,—T1,7))

. in the conservative case, we have

(3.5) 8(%ys Tyskabg) = 8(%,,%51,0),
(3.6) 'ﬁh’c,?i;a,ﬁ@} - 2‘{11,16,3;,;;@).

If the optical properties of the medium very with the |
optical depth (see Busbridge (8], Usmo [20]), Eqs. (3.5) and
(3.6) do net hold. |

From (2.32) and (2.33) we get

T
0

J . ;
0 ;

' taking into consideration the principle of reciprocity (see
ndrasekhar [11]) given by

(3.9) S(%gsTyiMilg) = S(T4,T1ikg,H),



%—a@}é

: (3.19) T(fe"lsﬁ’“@‘) - !g(;,!rl;kﬁepﬂ').
—(w—&e)/ﬂg

gf(mﬁ%,ei’ws the forward equation (2.19) by e
{T,—~T )/} |
and e ! O respectively, and integrating with respect

to T over (7,11), from Egqe. (3.1) — (3.10), we have

(3.11)  8(7,7y50,4,) = f b x(u,8)x(ng,t)
T

C o (- (%) — e)(F + gh)et,

(3"12) ?{3»@:5"15‘“:#9) -f71 X’{;ﬁ,k)?@ﬁ@,t}.‘(qa )/H d
| T
&

t,

(3.13) X(w,T) =1+ %fl fv X(u,t)X(n',t)
o T, | |

0

- exp (— (7 - %){% + éﬁ}%»

(3.14) Y(,T) = a“"(*—"f@)/ﬁ + %f 1 ‘ ’ f ¥ X(1,t)Y(u',t)e { )/u at
®

k1

J(F%o) ko

Multiply the forward equation (2.16) by
and e respectively, and integrate with respect to

'hen, by making use of Egs. (3.1) — (3.10),

T over (7,,T,).
‘we find

, T,
(3.15) 8( Tor Tyi# :‘#5) - f 1 Y(u,t )‘géﬁ@: t)ds,

T



- re (%t
(3.16) (v, TgiK,My) -f Y(u,t)X{uy, t)e 17770 g,
¥

0

where

(3.17) X(n,7) = 1 4+ %fl %}f‘ Y(u,t)Y(n',t)dt,
i 0 T,

:(3.18) Y(,T) = e @}/u + éf ' f Y(u,t)X(pn',t)e

‘equation (2.20) by e
sdified

0
(3.14). ermope, multiply the mod T
| (5l Mg Mo .
(2.21) by e and e , and integrate with

~(,~%,
Then, we have Bgs. (3.15) —

te T,, we get Egs. (3.11) —

lpo;yeet to T over ('ﬁ’?l)'
‘ (3.18). |
In a manner similar to that used for the owtl@#:
unctions expressed in terms of

yclewa *‘01&&%&&33
o -}

we shall derive the 3~ and -
the ¥~ and Y-functions fmm
; Multiply (2.23) by e @O

integrate with respect to ¥ over (%,,7%).

/ﬁ‘

n we obtain

| 1y ‘
‘ (3'19) S(‘Qifliﬂo“@) "f 3 K{%:ﬂx@i:g}

%o

- exp (~ (¢ - fg)% + "‘%g)}ﬁﬁs

‘( *t)/u' .
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(3.26)

(3.20)  T(vy,7gsm,u,) = f A x(%,ﬁ)‘?(f&@,ﬁ}n GM* as,
| L
where
(3.21)  X(u,v) =1+ éf fﬁ X, t)X(n',t)
' [ T
©exp [~ (t — )(} + ) las,
%, ‘
(3.22)  Y(u,¥) = o LM +%f ﬁzz,.f x(»,g}r{w,e);ﬁw’/“ag.
ez(sh:? ? r hand, mniyxymg Eq. {2.27) by ,_£M@M“a
and e , and integreting over T from To to T,
(3.23)  8(%y,75,0,) = f e Y(i,t)¥(n,, t)at,
o
(3.24) T(Ts Tyshulg) = f k! ?{ﬁ-,t)&(i&é,t} Mt@ dt,
%o
(3.25)
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| " o)

~and the principle of reciprocity given by (3.9) and (3.10),

we see that the laws of diffuse reflection and transmission ]

‘based on the forward integro-differential equations are equal

‘to those given by the backward equations. Hence, the diffuse
reflection and transmission of parsllel rays by a finite |

Eamsmﬂ represents a | ry process that

is reversible with respect to the optical depth.

On differentiating Eqs. (3.12) and (3.15), (3.16) with

vp«u’oe% to * and combining them appropriately, we obtain
Eqs. (82), (83) in [11), Ohap. VII. Bgs. (2.20) and (2.21)

' ave similar to those provided by Sobolev [15] in the non—

- conservative case.

Thus, allowing for p(i;Te,T,,) = P(ksTy, T4t 1,1
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